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We present a novel theory of gravity, namely, an extension of symmetric teleparallel
gravity. This is done by introducing a new class of theories where the nonmetricity Q is
coupled nonminimally to the matter Lagrangian. This nonminimal coupling entails the
nonconservation of the energy-momentum tensor, and consequently the appearance of
an extra force. We also present several cosmological applications.
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1. Introduction
The fact that general relativity (GR) is facing so many challenges, namely, (i) the
difficulty in explaining particular observations, (ii) the incompatibility with other
well established theories, (iii) and the lack of uniqueness, may be indicative of a
need for new gravitational physics. Thus, a promising approach is to assume that at
large scales GR breaks down, and a more general action describes the gravitational
field1–5. The physical motivations for these modifications of gravity include the
following: (i) the possibility of a more realistic representation of the gravitational
fields near curvature singularities; (ii) and to create some first order approximation
for the quantum theory of gravitational fields.
An interesting model that is related to this work is the nonminimal curvature-
matter coupling6–9, in which the Lagrangian density is of the form L ∼ f1(R) +
[1 + λf2(R)]Lm, where fi(R) (with i = 1, 2) are arbitrary functions of the Ricci
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scalar R and Lm is the matter Lagrangian density. Applications have been explored
such as in an effective dark energy or dark matter9–12. An interesting feature of
these theories is the non-conservation of the energy-momentum tensor, so that the
coupling between the matter and the higher derivative curvature terms describes
an exchange of energy and momentum between both.
Indeed, it is possible to tackle gravitation through several approaches, namely,
with the metric formalism1–3, which consists on varying the action with respect
to the metric and setting the Levi-Civita connection, or through the metric-affine
formalism13, where the metric and the affine connection are regarded as indepen-
dent variables, or even through a hybrid approach9,14,15. Note that the metric gµν
may be thought of as a generalization of the gravitational potential and is used to
define notions such as distances, volumes and angles. On the other hand, the affine
connection Γµαβ defines parallel transport and covariant derivatives.
In fact, a basic result in differential geometry is that the general affine connection
may be decomposed into the following 3 independent components:
Γλµν =
{
λ
µν
}
+Kλµν + L
λ
µν , (1)
where the first term is the Levi-Civita connection of the metric gµν , defined as:
{
λ
µν
} ≡ 1
2
gλβ (∂µgβν + ∂νgβµ − ∂βgµν) . (2)
The second term Kλµν is the contortion, given by
Kλµν ≡ 1
2
T λµν + T(µ
λ
ν) , (3)
with the torsion tensor defined as T λµν ≡ 2Γλ[µν]. The third term is the disforma-
tion
Lλµν ≡ 1
2
gλβ (−Qµβν −Qνβµ +Qβµν) , (4)
which is defined in terms of the nonmetricity tensor, given by Qρµν ≡ ∇ρgµν .
This implies that by making assumptions on the affine connection, one is es-
sentially specifying a metric-affine geometry16. For instance, the standard formu-
lation of GR assumes a Levi-Civita connection, which implies vanishing torsion
and nonmetricity, while its teleparallel equivalent (TEGR), uses the Weitzenbo¨ck
connection, implying zero curvature and nonmetricity17. More recently, the sym-
metric teleparallel theories of gravity were analysed in18–21, which possess remark-
able features. Here, we present an extension of the symmetric teleparallel gravity,
by introducing a new class of theories where a general function of the nonmetric-
ity Q is coupled nonminimally to the matter Lagrangian, in the framework of the
metric-affine formalism22.
This work is outlined in the following manner: In Section 2, we present the
formalism of an extended symmetric teleparallel equivalent of general relativity. In
Section 3, we consider some cosmological applications and conclude in Section 4.
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2. Nonmetricity-matter coupling
2.1. Action and gravitational field equations
Consider the action defined by two functions of the nonmetricity Q, given by
S =
∫
d4x
√−g
[
1
2
f1(Q) + f2(Q)LM
]
, (5)
where LM is a Lagrangian function for the matter fields.
We define the nonmetricity tensor and its two traces as follows:
Qαµν = ∇αgµν , Qα = Qαµµ , Q˜α = Qµαµ . (6)
It is also useful to introduce the superpotential
4Pαµν = −Qαµν + 2Q α(µ ν) −Qαgµν − Q˜αgµν − δα(µQν) , (7)
where one can readily check that Q = −QαµνPαµν , which is a useful relation.
For notational simplicity, we introduce the following definitions
f = f1(Q) + 2f2(Q)LM , F = f
′
1(Q) + 2f
′
2(Q)LM , (8)
and specify the following variations
Tµν = − 2√−g
δ(
√−gLM )
δgµν
, Hλ
µν = −1
2
δ(
√−gLM )
δΓλµν
, (9)
as the energy-momentum tensor and the hyper-momentum tensor density, respec-
tively.
Varying the action (5) with respect to the metric, one obtains the gravitational
field equations given by
2√−g∇α
(√−gFPαµν)+ 1
2
gµνf1+F
(
PµαβQν
αβ − 2QαβµPαβν
)
= −f2Tµν . (10)
and the variation with respect to the connection, yields the following relation
∇µ∇ν
(√−gFPµνα − f2Hαµν) = 0 . (11)
2.2. Divergence of the energy-momentum tensor
The divergence of the energy-momentum tensor is given by:
DµT µν + 2√−g∇α∇βHν
αβ = − 2√−gf2
[
(∇α∇βf2)Hναβ + 2f2,(α∇β)Hναβ
]
− (T µν − δµνLM )∇µ log f2 , (12)
where Dα denoted the metric covariant derivative with respect to the symbols (2).
This shows that due to the coupling between the nonmetricity Q and the matter
fields, the matter energy-momentum tensor is no longer conserved. The first term of
the right-hand-side line is due to the nonminimal coupling of the hypermomentum,
and the second term is related to the nonminimal coupling of the energy-momentum
tensor.
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Consider a perfect fluid, given by the energy-energy tensor, Tµν = (ρ+ p)uµuν+
pgµν , so that the energy and momentum balance equations gives
ρ˙+ 3H (ρ+ p) = S, (13)
where ˙ = uµDµ, and H = (1/3)Dµuµ. For simplicity, one can decompose the
energy source term as S = ST + SH, where ST is defined by
ST = (ρ+ LM ) f˙2
f2
,
which vanishes when we adopt the Lagrangian LM = −ρ, and the hypersource is
given as
SH = − 2√−gu
ν
[
∇α∇βHναβ + 1
f2
(∇α∇βf2)Hναβ + 1
f2
f2,(α∇β)Hναβ
]
.
Note that the non-conservation of the energy-momentum tensor implies non-
geodesic motion, where an extra-force Fλ arises due to the Q-matter coupling
d2xλ
ds2
+
{
λ
µν
}
uµuν = Fλ. (14)
The extra-force can be decomposed as
Fλ = −h
αλ∇αp
ρ+ p
+ FλT + FλH , (15)
where the first term on the right-hand-side is the usual general relativistic contribu-
tion of the pressure gradient. The extra force Fλ consists of the term Fλ
T
, defined
as
FλT = (−p+ LM )hλν∇ν log f2 , (16)
and the hyperforce Fλ
H
is given by
SH = − 2√−gu
ν
[
∇α∇βHναβ 1
f2
(∇α∇βf2)Hναβ + 1
f2
f2,(α∇β)Hναβ
]
. (17)
It is interesting that the extra force (16) vanishes identically for a perfect fluid if
we adopt the Lagrangian prescription LM = p.
3. Cosmological applications
In the framework of standard Friedman-Robertson-Walker (FRW) geometry, we
have Q = 6H2. Introducing the effective energy density ρeff and effective pressure
peff of the cosmological fluid, defined as
ρeff = − f2
2F
(
ρ− f1
2f2
)
, peff =
2F˙
F
H − f2
2F
(
ρ+ 2p+
f1
2f2
)
, (18)
we can write the gravitational field equations in a form similar to the Friedmann
equations of GR as
3H2 = ρeff , 2H˙ + 3H
2 = −peff . (19)
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To describe cosmological evolution, and the possible transition to an accelerated
phase, we also introduce the parameter w of the dark energy equation of state,
defined as
w =
peff
ρeff
=
−4F˙H + f2
(
ρ+ 2p+ f12f2
)
f2
(
ρ− f12f2
) . (20)
The deceleration parameter can be written as
q =
1
2
(1 + 3w) = 2 +
3
(
4F˙H − f1 − 2f2p
)
f1 − 2f2ρ . (21)
Thus, as a first step in this direction we have obtained the generalized Friedmann
equations describing the cosmological evolution in flat FRW type geometry. The
coupling between matter and the Q field introduces two types of corrections. The
first is the presence of a term of the form f2/2F multiplying the components of the
energy-momentum tensor (energy density and pressure) in both Friedmann equa-
tions. Secondly, an additive term of the form f1/4F also appears in the generalized
Friedmann equations. The basic equations describing the cosmological dynamics
can then be reformulated in terms of an effective energy density and pressure, which
both depend on the standard components of the energy-momentum tensor, and on
the functions fi(Q), i = 1, 2, and on F . In the vacuum case ρ = p = 0, the decel-
eration parameter takes the form q = −1 + 12F˙H/f1, showing that, depending on
the mathematical forms of the coupling functions, a large number of cosmological
evolutionary scenarios can be obtained. Generally, we have shown explicitly that
for late times, the Universe attains an exponentially accelerating de Sitter phase22.
4. Conclusions
In this work, we have explored an extension of the symmetric teleparallel gravity,
by considering a new class of theories where the nonmetricity Q is coupled nonmin-
imally to the matter Lagrangian, in the framework of the metric-affine formalism.
As in the standard curvature-matter couplings, this nonminimal Q-matter coupling
entails the nonconservation of the energy-momentum tensor, and consequently the
appearance of an extra force. Thus, in summary, we have established the theo-
retical consistency and motivations on these extensions of f(Q) family of theories.
Furthermore, we considered cosmological applications, in which the presented ap-
proach provides gravitational alternatives to dark energy. As future avenues of
research, one should aim in characterizing the phenomenology predicted by these
theories with a nonmetricity-matter coupling, in order to find constraints arising
from observations.
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